In this paper, using generating functions and combinatorial techniques, we extend Agoh and Dilcher's quadratic recurrence formula for Bernoulli numbers in (Agoh and Dilcher in J. Number Theory 124: [105][106][107][108][109][110][111][112][113][114][115][116][117][118][119][120][121][122] 2007) to Apostol-Bernoulli and Apostol-Euler polynomials and numbers. MSC: 11B68; 05A19
Introduction
The classical Bernoulli polynomials B n (x) and Euler polynomials E n (x) have played important roles in many branches of mathematics such as number theory, combinatorics, special functions and analysis, and they are usually defined by means of the following generating functions: In this paper, using generating functions and combinatorial techniques, we extend the above mentioned Agoh and Dilcher quadratic recurrence formula for Bernoulli numbers to Apostol-Bernoulli and Apostol-Euler polynomials and numbers. These results also lead to some known ones related to the formulae on products of the classical Bernoulli and Euler polynomials and numbers stated in Nielsen's classical book [] .
Preliminaries and known results
We first recall the Apostol-Bernoulli polynomials which were introduced by Apostol [] (see also Srivastava [] for a systematic study) in order to evaluate the value of the HurwitzLerch zeta function. For simplicity, we here start with the Apostol-Bernoulli polynomials B (α) n (x; λ) of (real or complex) order α given by Luo and Srivastava []
Especially the case α =  in (.) gives the Apostol-Bernoulli polynomials which are denoted by B n (x; λ) = B n (x; λ) of order α:
The Apostol-Euler polynomials E n (x; λ) and Apostol-Euler numbers E n (λ) are given by
n (x; λ) and E n (λ) =  n E n (/; λ), respectively. Obviously, B n (x; λ) and E n (x; λ) reduce to B n (x) and E n (x) when λ = . 
Proposition . Difference equations of the Apostol-Bernoulli and Apostol-Euler polynomials of order α: for a positive integer n,
Setting α = , β =  and α = λ = , β =  in the formulae (.) to (.), we immediately get the corresponding formulae for the Apostol-Bernoulli and Apostol-Euler polynomials, and the classical Bernoulli and Euler polynomials, respectively. It is worth noting that the cases α = λ =  in Proposition . are also called the symmetric distributions of the classical Bernoulli and Euler polynomials. The above propositions will be very useful to investigate the quadratic recurrence formulae for the Apostol-Bernoulli and Apostol-Euler polynomials in the next two sections.
Recurrence formulae for Apostol-Bernoulli polynomials
In what follows, we shall always denote by δ ,λ the Kronecker symbol which is defined by δ ,λ =  or  according to λ =  or λ = , and also denote B -n (x; λ) = E -n (x; λ) =  for any positive integer n. Before stating the quadratic recurrence formula for the Apostol-Bernoulli polynomials, we begin with a summation formula concerning the quadratic recurrence of the Apostol-Bernoulli polynomials.
Proof Multiplying both sides of the identity
Making k-times derivative for the above identity (.) with respect to v, with the help of the Leibniz rule, we obtain
On the other hand, by Taylor's theorem, we have
Applying (.), (.) and (.) to (.), in view of the Cauchy product and the complementary addition theorem of the Apostol-Bernoulli polynomials, we derive
Comparing the coefficients of u m v n+ /m!(n + )! and u m /m! in (.), we conclude our proof.
As a special case of Theorem ., we have the following
Corollary . Let m and n be positive integers. Then
Proof Setting k =  and substituting y for x and x for y in Theorem ., we obtain that for non-negative integers m and n, we have
Hence, replacing y by y -x in the above gives the desired result.
for a non-negative integer n, we immediately get the generalization of Woodcock's identity on the classical Bernoulli numbers, see Using Theorem ., we shall give the following quadratic recurrence formula for Apostol-Bernoulli polynomials.
Theorem . Let k, m, n be non-negative integers. Then
Proof Setting k =  and substituting m + k for m in Theorem ., we have
which is just the case δ(k, m) = - or  in Theorem .. Next, consider the case δ(k, m) = . We shall use induction on k in Theorem . to prove Theorem .. Clearly, the case k =  in Theorem . gives
Noting that for any non-negative integer k,
Hence, substituting (.) and (.) to (.), we get the case k =  of Theorem .. Now assume that Theorem . holds for all positive integers being less than k. From (.) and (.), we obtain
Since (.) holds for all positive integers being less than k, we have
For any non-negative integers i, k, m,
It follows from (.) that
By substituting the above identities (.)-(.) to (.), we get
Thus, putting (.) and (.) to (.) concludes the induction step. This completes the proof of Theorem ..
Obviously, the cases λ = μ =  and x = y =  in Theorem . lead to the Agoh-Dilcher quadratic recurrence formula (.). We now use Theorem . to give the following formula on products of the Apostol-Bernoulli polynomials. Proof Taking n =  and then substituting m for k, n for m, λ for μ and μ for λ in Theorem ., we obtain that for positive integers m and n,
Corollary . Let m and n be positive integers. Then
Substituting  -y for y and μ - for λμ in (.) and using the complementary addition theorem for Apostol-Bernoulli polynomials, we get our result. 
where [x] is the maximum integer less than or equal to the real number x.
Recurrence formulae for mixed Apostol-Bernoulli and Apostol-Euler polynomials
In this section, we shall use the above methods to give some quadratic recurrence formulae for mixed Apostol-Bernoulli and Apostol-Euler polynomials. As in the proof of Theorem ., we need the following summation formula concerning the quadratic recurrence of mixed Apostol-Bernoulli and Apostol-Euler polynomials.
Theorem . Let k, m, n be non-negative integers. Then
Proof Multiplying both sides of the identity Making k-times derivative for the above identity (.) with respect to v, with the help of the Leibniz rule, we get
Applying (.) and (.) to (.), in view of the Cauchy product and the complementary addition theorem for the Apostol-Euler polynomials, we obtain 
Proof Setting k =  and substituting y for x and x for y in Theorem ., we obtain that for positive integers m and n,
Thus, replacing y by y -x in the above gives the desired result. http://www.advancesindifferenceequations.com/content/2012/1/209
In particular, setting λ = μ = , x = t and y =  -t in Corollary ., by the fact E n ( -x) = (-) n E n (x) for a non-negative integer n, we obtain the following symmetric identity involving the Bernoulli and Euler polynomials, see [] .
Corollary . Let m and n be positive integers. Then
Now we apply Theorem . to give the following recurrence formula for mixed ApostolBernoulli and Apostol-Euler polynomials.
Theorem . Let k, m, n be non-negative integers. Then
Proof The proof is similar to that of Theorem ., and therefore we leave out some of the more obvious details. Clearly, the case k =  in Theorem . is complete. Next, consider the case k ≥  in Theorem .. Assume that Theorem . holds for all positive integers being less than k. In light of (.), we have
It follows from (.) and (.) that
In view of (.), (.) and (.), we have
Thus, applying (.), (.) and (.) to (.), we conclude the induction step. This completes the proof of Theorem ..
Corollary . Let m be a non-negative integer and n be a positive integer. Then
Proof Taking n =  in Theorem ., and then substituting m for k, n for m, λ for μ and μ for λ, we have
By substituting  -y for y and μ - for λμ in (.), in view of the complementary addition theorems of the Apostol-Bernoulli and Apostol-Euler polynomials, the desired result follows immediately.
In order to give the quadratic recurrence formula for the Apostol-Euler polynomials, it is routine to present a summation formula concerning the quadratic recurrence of the Apostol-Euler polynomials. http://www.advancesindifferenceequations.com/content/2012/1/209 Theorem . Let k, m, n be non-negative integers. Then
Proof Multiplying both sides of the identity 
Applying (.), (.) and (.) to (.), in view of the Cauchy product and the complementary addition theorem for the Apostol-Bernoulli polynomials, we obtain 
Theorem . Let k, m, n be non-negative integers. Then
Proof Clearly, the case k =  in Theorem . leads to the case k =  in Theorem .. Now consider the case k ≥  in Theorem .. Assume that Theorem . holds for all positive integers being less than k. By (.) we have 
